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A Unified Program for Phase Determination,  Type 3P3 

BY H.  HAUPTMA~ AND J. KARLE 

U.S. Naval Research Laboratory, Washington 25, D.C., U.S.A.  

(Received 25 November 1959) 

The unified program for phase determination, valid for all the space groups and both the equal and 
unequal atom cases is continued here. The present paper is concerned with the centrosymmetric 
space groups comprising type 3P3. A detailed procedure for phase determination is described for 
this type. 

1. I n t r o d u c t i o n  

This is the sixth in a series of papers concerned with a 
program for phase determination initiated by us 
(Karle & Hauptman,  1959, hereafter referred to as 
1P). The application of the new probabili ty methods, 
based on the Miller indices as random variables, is 
made to the space groups of type  3P8 (Hauptman & 
Karle, 1959). This type consists of the six space 
groups, 14/m, I41/a, I4/mmm, I4/mcm, I41/amd and 
I4x/acd of the tetragonal system. Although these 
space groups are conventionally body-centered, they 
are referred, in this paper, to the primitive unit  cell 
defined in our paper on the seminvariants (Hauptman 
& Karle, 1959). Also listed in the lat ter  paper is a 
set of coordinates for each space group. This is equiv- 
alent to choosing the functional form for the structure 
factor which is employed in the present paper. We 
present here a detailed procedure for phase deter- 
mination which utilizes the same general formula and, 
a t  the same time, makes use of relationships among the 
structure factors characteristic of each space group. 

3.2. Integrated formulas 
2a~ 

I2, o" do~=l +~(t)~(Aa,  Ato~+~,)}k+R~,o. (3.2-1) 

' ' ' 0.~ A 
"-~I ~1 ~4 

0.6 0"1/2 
--2  0"~/2-~'--0"4 (dohldohl -~ doh2doh'; 

! t , , ,  ,' 

+ do~,l+h2do',,+h2) + R3,o. (3-2"2) 

In  these formulas, p, q, r and t are restricted to be 
positive. Ordinarily they are given values in the range 
2-4. 

The remainder terms are given in the appendix § 6 
and in 1P (1959). Equat ion (3.1-1) or (3.2.1) serves to 
determine the magnitudes of the structure factors I d Oh] 
corresponding to the squared structure. By means of 
equation (3.1.2) or (3.2.2) the phases of these structure 
factors ~h may be determined. In  the next  section we 
describe in detail how these equations are to be used 
for the various space groups included in type 3P8. 

2. N o t a t i o n  

The same notation as appears in 1P (1959) is employed 
~lere. 

3. P h a s e  d e t e r m i n i n g  f o r m u l a s  

3.1. Basic formulas 
4~a~ 

./32, 0" do~2=l+ 

x (~.pk2q(h+k))k+Rg.,0 • (3"1"1) 

.B3, o: dohldoh2dohl-l-h2 
(2~)3/~0. 3~ 

X < 2pk ~q(hl+k) ~r(hl÷h2 +k)>k 
0"6 -o~/2 

- 2 +--4  (doLdo 'l' + do 2do '2' 

+ doL+hJ ';+h2)+R , 0. (3.1.2) 

4. P h a s e  d e t e r m i n i n g  p r o c e d u r e  

I t  is assumed tha t  the [dohl have been calculated from 
the observed intensities. From these, the ]do~] are 
obtained by applying (3.1.1) or (3.1.2). In  fact it may  
be advantageous to compute the I do~,l over a range of 
reflections extending beyond that  of the original set 
of observations. We are here concerned only with the 
larger [do~,], and it is the phases of these whose values 
are to be determined. In the application of (3.1-2) or 
(3"2-2), the values of some Idoh"] may be required. 
These may be estimated from the corresponding ]doh] 
or ]dohl, or calculated from (3.1.1-) or (3.2-1) in which 
do is replaced by d o' and do' by  do'", given sufficient 
data. 

In  the phase determining procedures to be described, 
it will be seen tha t  the first steps concern the applica- 
tion of (3.1.2) or (3-2.2) with choices of indices which 
take full advantage of the space group symmetry.  
The final step is in the form of a general application 
which is the same for all the space groups. 
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The specification of the origin is carried out in 
conformance with the seminvariant theory previously 
developed (Hauptman & Karle, 1953, 1959). I t  is the 
same for all space groups of a given type. Therefore, 
a single procedure for origin specification obtains for 
all the space groups included in this paper. 

In type 3Pa, the phases ~a~, which are structure 
seminvariants, are of the form h + k -  0 (mod 2). In 
other words h + k must be even. This means that  once 
the functional form of the structure factor has been 
chosen, the values of these phases are uniquely deter- 
mined by the intensities alone. I t  is of interest to note, 
in the procedures to follow, how a single equation, 
(3.1.2) or (3.2-2), used in conjunction with relation- 
ships among the structure factors, characteristic of the 
particular space group and the chosen functional form 
for the structure factor, does, in fact, lead to unique 
values for the structure seminvariants. 

4-1. Tetragonal system, I-centered 
We are concerned here with space groups, I4/m, 

I4~/a, I4/mmm, I4/mcm, I4~/amd and I4~/acd. The 
special choices for h~ and h% in addition to h~= h~, 
are shown in the first two rows of Tables 1 and 2. 
By means of the first choice in Table 1, 

h~=(h~, h+~,  l~) and h 2 = ( h + ~ ,  h~, ~+l~) , 

equation (3.1-2) or (3-2-2) yields the value of 

multiplied by the numerical coefficient given in the 
second column of Table 1. For example, for I4~/a, 
the relationship # ~ =  ( -  1)a+zd~, ~,i+i+~, following 
from the chosen functional form for the structure 
factor, gives rise to the entry ( -1)~+~ in column 2, 
Table 1. In this way the value of the phase ~ is 
determined. Since h~ may be chosen arbitrarily, ~ i  
may possibly be determined in many ways. As always, 
the computations are performed for the larger values 

~2 of Id~h~d~hJ. With regard to the remaining choices of 
h~ and he in Tables 1 and 2, h~, kl and l~ may be 
chosen arbitrarily, permitting the possible use of many 
combinations of h~ and he for obtaining the value of 
the particular phase ~ .  

! 

We note that  the phases ~ obtained from Tables 
1 and 2 are seminvariants, i.e. h+k =-0 (mod 2). By 
use of these, it is possible to calculate the values of 
additional seminvariant phases. This is illustrated by 
means of the entries in Table 3. We note that  (3.1.2) 
or (3.2-2) yields the value of #~l#~g~,~+h~ where 
go~,~ and # ~  are assumed to have been found from 
Table 1. 

Table 1 
t 2 ! The  coefficients of d~hl#h g iven  by  the  left  side of (3.1.2) or (3.2.2), for selected values  of h~ and  h 2 and  for each of six 

space g roups  in  t ype  3 P  a. The  n o t a t i o n  P(I4/m) refers to  the  p r imi t ive  un i t  cell, ins tead  of the  conven t iona l ly  cen te red  one 
(cf. H a u p t m a n  & Karle ,  1959) 

h~ h~7 h~-~[, 1]* hi, ~-t-h[,llh+ll+h]* h~, ]~+l+h], h+h t 

h~. h + h l ,  hi, ~+Z1 h+J~l,  hi,  ½(~+l)+hl h+'hl, l + h l ,  "h+l+hx 

h=h~+h~ ~, h, ~ ~, ~, 2 ~, ~, l 
h + l  ~ - - 0 ( m o d 2 )  

P(I4/m) 
P(I4/mmm) 
P(I4/mcm) 

~(3h+k÷2/), ~(7~+k+2/), t(h÷~+21) 

¼(h+~+2~), t(h+3~+2l), ¼(h+~+~l) 
)~, ~, 1 

h--/c ---- 2l (mod 4) 

+ 1 "  + 1 "  + 1  + 1  

P(I41/a) 
P(I41/amd) 
P(I 41/acd) 

(-- 1)hl+/1 * (-- 1)½(h+/) * (-- 1)h+l+hx ( -- 1)¼(h-k+2l) 

• The  entr ies  in these  co lumns  are to  unde rgo  cyclic p e r m u t a t i o n  for the  space groups,  
.P(I4/mmm), P(I4/mcra), P(I41/amd) and  P(I41/acd). 

Table 2 
r 2 t The  coefficients of ~ h l ~ h  given by  the  left  side of (3-1.2) or (3.2-2), for selected values  of h 1 and  h e and  

for each of four  space groups  in t y p e  3P  3 

h i hi, h + h i ,  1 i hi, h + ~ i ,  l hi, / + ~ i + 2 Z i ,  1 i h, k, 1 i 
h2 h + h l ,  hi ,  li h + ~ l ,  hi, 1 hi ,  Z + h i + 2 / 1 ,  /+Z1 h, k, h + k + i  1 

h = h i + h  e h, ~, 0 h, h, 21 0, 0, l 2h, 2k, h + k  

P(I4/mmm) + 1 + 1 + 1 + 1 
P(I4/mcm) (_ 1)~ ( -  1)h ( -  1)~ ( -  1) h+k 
P(I41/amd) ( -- 1)/1 (-- 1) ~ (-- 1)~+nl (-- 1)/: 
P(I41/acd) ( -  1)n+~l ( - 1)h+~ ( -- l )hl  (-- 1) h 
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Table 3 

Selected values of h 1 and h~ to be inserted into (3.1.2) or (3-2.2) in order to obtain the product d~la~d~he#hl+h ~ from which the 
t t value of the phase ~hkl (h -- k (rood 2)), the general seminvariant phase, may be inferred. A knowledge of ~0hl and ~la~ is required 

and may be obtained by use of Table 1 

h~ {(h+k), ½(h+Ic), ½(~+tc) ha, h~, ht 
h e ½(h+-k), ½(h+k), ½(h+#)+l h+h~, Ic+h~, l+ht 

h = h 1 + h~. h, k, 1 h, k, l 
Condition h ------ k (mod 2) h ~ k. (mad ~); h~ -- ½(h--/c)+ l (rood 2) 

For the purpose of specifying the origin, a linearly 
semi-independent phase ~ ,  having large correspond- 
ing [5~'[, is chosen. The value (0 or ~) of ~0'~ is then 
specified arbitrarily, thus fixing the origin. Systematic 
application of equation (3-1.2) or (3.2.2) then permits 
the determination of the phases F~, of all the re- 
maining #~ of interest, using previously determined 
or specified phases as necessary. 

t t Any phase of the type ~ug~ or ~a~ (g - even, u - odd) 
is a linearly semi-independent phase. We recall tha t  

t ! 
phases of the type ~%g~ and ~u,Z may be determined 
directly from the intensities before an origin specifica- 
tion has been made. I t  is readily seen tha t  any phase 
is accessible, once the origin specification has been 
made. This follows from the fact that ,  starting with 

t the specified phase and those of the form ~ and 
~0'u~, it is possible to express an arbi t rary vector h 
(whose components have any parity) in the form 

, 
ht + he, where ~hl and q~h~,are known. For example, 
if we specify a ~g~, ~,~ = ~0g~ is obtainable, , from suit- 
able phases q~h~ = ~V~Z~ and q~h~---- q~u~, where h = 
h~ + he. 

5 .  C o n c l u d i n g  r e m a r k s  

This paper should be read in conjunction with 1P 
(1959), in which the symbols are defined and general 
remarks are made which are applicable to all the space 
groups. 

The phase determining procedures offer many ways 
to calculate the value of a particular phase. This 
feature, together with the fact tha t  the calculation of 
the right sides of (3.1.2) and (3-2.2) should yield not 
only the sign of the left side, but  also its magnitude, 
serves as a good internal consistency check as the phase 
determination proceeds. 

6. Append ix  

The correction terms for the formulas listed in § 3 are 
given here and in 1P (1959). As a general rule, for 
larger N, they make a very small contribution. In any 
specific instance, the investigator can judge their 
importance for himself. 

We define: 

50* 

0.1•2 8' ~R2, o -  (2#Lz,~,+~, k+~+ ~,+,~ h+,.~+~,) 
0.4 • ' 

20.U 
- a2a~/------ ~ (p+q-4)d%#~,"  

O'4 
40.,~ ( ( P -  2 ) ( p - 4 ) +  ( q -  2 ) (q -  4))g~, 2 

20.6 
+ (p+q- -4 )  

0"2 0"4 

0"4 
+ 1 - - ~ ( ( p - 2 ) ( q - 2 ) + 2 ( p - 2 ) ( p - 4 )  

+ 2 ( q - 2 ) ( q - 4 ) )  + . . .  , (6.1) 

0"~/2 
i t ,  t t t  

0"4 

+ #i'+~, ~+,, ~+, + #~:'o,~+k+~, + ~oi;,~+~ 
, , ,  60.81/2 

+ 2d~h+z,~+i,,:+z) 0"e 0.~/e (P +q- -4 )  5~,~, ' '  

3 0"4 
( ( p -  2 ) (p- -4)+  ( q -  2 ) (q -  4)) d~h 2 

90"6 
+ (p+q- -4 )  

0"2 0"4 

3 0"4 
+ ~ ( (p - -2 ) (q -2 )  + 2 ( p - 2 ) ( p - 4 )  

+2 (q - -2 ) (q -4 ) )  + . . .  , (6-2) 

0"1[2 '2 '2 
1~R3, o = - ~ -~  ( ( r -  2 )#h ,  + (p--  2 )#h ,  

+ (q-- 2)#~,~+h2) + e t ,  (6"3) 
where, 

0"~/2 

@1 = - _  # h l ( # h ; + h 2 + k 2 ,  h2+kl+k2, h2+k2+l, 
0"4 

t t t  - -  . 
"~- hl+h2+12, h2+kl+12, k2+ll+12 

ttt 
+ hl+k2+12, kl+k2+Z2, h2+lx+12) 

0"4 

t t t  

-~- ~hl+h2+ll ,  h l T k 2 + l l ,  kl+ll+12 
t i t  

-[- h 2 + k l + l l ,  k l + k 2 + l l ,  hl+ll+12) 
0"~/~ #,  ,#, , ,  

hi-k-h2 I, hl+k2,  h2+kl ,  h2Tk2+ll+12 0"a 
t t t  . 

+ hl+/2,  h2+kl+k2+12, k2+ll 
, t t  

+ vzh,+h~+k2+t2, kl+i2, ~2+z~) + ' '  ' , (6"4) 
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a n d  

~hRs, o=  - 80----~- ((r-- 2)d~]  + ( p -  2)d°~ 

~- ( q -  2)#h2+h2)+ Q2, (6"5) 

where,  

0-sU 2 
e" = -- - -  ghl(3#h',:~h~+~*, h,+kl+k,, h~+k~+ll G4 

vt, 
"~- ~ hl + h2÷12, -h2÷kl +lZ, h2÷ll ÷12 

vt~ 
-~ ~ h l  ÷h2+12, h2÷kl÷)2,1¢2÷11~-12 

-[- ~hl-l-k2-bl2,/~1÷k2÷/2, h2÷ll÷12 

~- ~hl÷k2÷i2, kl÷k2÷12, k2-{-/1+/2 

a~/2 # '  ~3 z ' ' '  
h2( ~° hlWh2Tbl, hl÷kl÷k2, hlq-klTl2 G4 

-~ ~hl÷h2÷ll,  ]lTk2÷ll, hlTllTl2 
~ t t !  

"-~ hl÷h2÷ll, hl÷kZ÷~l, kl÷~l ,÷/2 

-~- h2÷kl÷ll, kl÷k2~-ll, hl÷ll÷12 
,t! 

-~- ~h2÷kl÷ll ,  kl÷k2÷ll, kl÷/l÷/2 

"~- hl÷h2÷kl, hl÷kl÷k2,12 2y ~h2, k2, hl÷kl-~2ll÷12) 

0-~]2 #hlTh2(n#h'l~-k2, h2÷kl, h2~-k2÷llTl2 0-4 

-[- ~¢~h1÷12, h2÷kl÷k2÷12, h2÷/1 -~- ~X~hl÷12, h2÷kl÷k2+12, k2÷/1 
t t t  ~tv~ 
h1÷h2÷k2÷12, k1÷12, h2÷/1 -~- ~hl÷h2~-k2÷12, kl÷12, ~2-b/1 

-~- ~h2÷kl,  hl÷k2,11÷12 
Ht 

+ 5~1+~2, ~+~2, ~+~1+i1+~) + • • • , (6"6) 

N e x t  we define (where Cn(t) is rep laced  by  Cn): 

~4R~,o: a~/2 (2#~+~, ~+~, ~+~ + #~+~, ~+~, ~+~) 
0"4 

4cr~/~ (2C~-C2)#'~#h" 

(;4 4 0-6 
2c~0-~ (8C~--6C2+C")~h~ C~.0-~ (2C~--C~) 

0-4 
+ ((2c  - + 4c (8c, 

-6Ce÷Cs))+..., (6,7) 
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, G~/2 
15R2, 0 -  (3 #~+k, h+k, i+~ + @~+z, i+i, h+z 

G4 
t,t ttv ,tr 

q- 5~Z+~, k+~, k+z + go, o, h+k+2z-k 5%, o, ~+~ 

' "  12 0-~/~ ( 2 C 1 -  C2)#~#~"  
+ 2 5~h+l, ~+~, k+z) -~ C10-2 0-~/2 

30-4 180-6 (2C1 - C2) 
2Cl0-~ (8C1-6C2q-Ca)oZh2 Cl0-20-4 

3 0-4 
÷ 16 C~0-1 ( ( 2 C ~ -  C2)2 

+ 4C~(8C1-  6C2 + C3)) + . . .  , (6-8) 

14R3, o = ~ #h2  -[- ~Vhlq-h2) -~ ~ 1 ,  

(6-9) 
a n d  

3cr~/~ ,2 
' - -  - -  C 2 ) ( ~ h l  -~" h2 7- to hl+h2] -I- ~2 • 15R3, o -- ~ (2C1 #,2 ~ _.¢,2 ~ _ 

(6.10) 

I n  order  to summar i ze  the  re la t ions  a m o n g  the  cor- 
rec t ion t e rms  for the  var ious  space groups  in t y p e  3P3, 
i t  is convenient  to iden t i fy  

R ~ R (°), (6-11) 

R ' - -  RO). (6.12) 

Thus,  for space groups  I4 /m a n d  I41/a, 

R~)o --- ~R(~)~, o + ~4Rg)~, o," j=O,  1", i - -2 ,  3 . (6.13) 

:For space groups  I4/mmm, I4/mcm, I41/amd a n d  
I41/acd, 

R(J)--i, u -  ~i,~(i)o +~hR!J)0", , j=O,  1", i = 2 ,  3 . (6.14) 

No te  t h a t  1R2,o, 1R3,o, 1R~, 0 a n d  1R~, 0 are  def ined in 
1P  (1959). 

The r e m a i n d e r  t e rms  in the  basic  fo rmulas  are  
especial ly s imple for the  special  case p = q - - r  = 2. :For 
th is  case, the  fo rmulas  reduce  to those  ob ta inab le  b y  
the  a lgebraic  me thods  proposed  by  us (1957). 
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