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A Unified Program for Phase Determination, Type 3P;

By H. HAuPTMAN AND J. KARLE
U.S. Naval Research Laboratory, Washington 25, D.C., U.S.A.

(Received 25 November 1959)

The unified program for phase determination, valid for all the space groups and both the equal and
unequal atom cases is continued here. The present paper is concerned with the centrosymmetric
space groups comprising type 3P;. A detailed procedure for phase determination is described for

this type.

1. Introduction

This is the sixth in a series of papers concerned with a
program for phase determination initiated by us
(Karle & Hauptman, 1959, hereafter referred to as
1P). The application of the new probability methods,
based on the Miller indices as random variables, is
made to the space groups of type 3P3 (Hauptman &
Karle, 1959). This type consists of the six space
groups, I4/m, I4ija, I4/mmm, I4/mcm, I4:1/amd and
I4i/acd of the tetragonal system. Although these
space groups are conventionally body-centered, they
are referred, in this paper, to the primitive unit cell
defined in our paper on the seminvariants (Hauptman
& Karle, 1959). Also listed in the latter paper is a
set of coordinates for each space group. This is equiv-
alent to choosing the functional form for the structure
factor which is employed in the present paper. We
present here a detailed procedure for phase deter-
mination which utilizes the same general formula and,
at the same time, makes use of relationships among the
structure factors characteristic of each space group.

2. Notation

The same notation as appears in 1P (1959) is employed
here.

3. Phase determining formulas
3-1. Basic formulas
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3-2. Integrated formulas
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In these formulas, p, ¢, 7 and ¢ are restricted to be
positive. Ordinarily they are given values in the range
2-4.

The remainder terms are given in the appendix § 6
and in 1P (1959). Equation (3-1-1) or (3:2-1) serves to
determine the magnitudes of the structure factors | &4l
corresponding to the squared structure. By means of
equation (3-1-2) or (3-2-2) the phases of these structure
factors gf, may be determined. In the next section we
describe in detail how these equations are to be used
for the various space groups included in type 3Ps.

4. Phase determining procedure

Tt is assumed that the || have been calculated from
the observed intensities. From these, the |&h| are
obtained by applying (3-1-1) or (3-1:2). In fact it may
be advantageous to compute the |&y| over a range of
reflections extending beyond that of the original set
of observations. We are here concerned only with the
larger |&y), and it is the phases of these whose values
are to be determined. In the application of (3-1-2) or
(3-2-2), the values of some |&y'| may be required.
These may be estimated from the corresponding [l
or |&4l, or caleulated from (3-1:1-) or (3-2-1) in which
& is replaced by & and &’ by &, given sufficient
data.

In the phase determining procedures to be described,
it will be seen that the first steps concern the applica-
tion of (3-1-2) or (3-2-2) with choices of indices which
take full advantage of the space group symmetry.
The final step is in the form of a general application
which is the same for all the space groups.
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The specification of the origin is carried out in
conformance with the seminvariant theory previously
developed (Hauptman & Karle, 1953, 1959). It is the
same for all space groups of a given type. Therefore,
a single procedure for origin specification obtains for
all the space groups included in this paper.

In type 3Ps, the phases g, which are structure
seminvariants, are of the form A4k = 0 (mod 2). In
other words %+ % must be even. This means that once
the functional form of the structure factor has been
chosen, the values of these phases are uniquely deter-
mined by the intensities alone. It is of interest to note,
in the procedures to follow, how a single equation,
(31-2) or (3-2-2), used in conjunction with relation-
ships among the structure factors, characteristic of the
particular space group and the chosen functional form
for the structure factor, does, in fact, lead to unique
values for the structure seminvariants.

4-1. Tetragonal system, I-centered

We are concerned here with space groups, I4/m,
14,/a, I4/mmm, I4/mcm, I4:/amd and I4i/acd. The
special choices for h; and hg, in addition to hy=hs,
are shown in the first two rows of Tables 1 and 2.
By means of the first choice in Table 1,
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h1=(k1, h+h1, l1) and h2=(k+51, ki, R +1),
equation (3:1-2) or (3-2-2) yields the value of
g;?l, hth, 1y éallzhi

multiplied by the numerical coefficient given in the
second column of Table 1. For example, for I4,/a,
the relationship &y=(—1)""'&} 17,5 Tfollowing
from the chosen funectional form for the structure
factor, gives rise to the entry (—1)*% in column 2,
Table 1. In this way the value of the phase ¢; is
determined. Since %1 may be chosen arbitrarily, @
may possibly be determined in many ways. As always,
the computations are performed for the larger values
of |&,Enl- With regard to the remaining choices of
h; and hs in Tables 1 and 2, %1, k1 and §; may be
chosen arbitrarily, permitting the possible use of many
combinations of h; and h; for obtaining the value of
the particular phase ¢y,.

We note that the phases g;,;, obtained from Tables
1 and 2 are seminvariants, i.e. A+%k = 0 (mod 2). By
use of these, it is possible to calculate the values of
additional seminvariant phases. This is illustrated by
means of the entries in Table 3. We note that (3-1-2)
or (3-2-2) yields the value of &%4,6h,6n,4n, Where
&n, and &}, are assumed to have been found from
Table 1.

Table 1

The coefficients of g;flé’;l given by the left side of (3-1:2) or (3:2:2), for selected values of h, and h, and for each of six
space groups in type 3P;. The notation P(I4/m) refers to the primitive unit cell, instead of the conventionally centered one
(cf. Hauptman & Karle, 1959)

by hp Bthy 4 b Bethy f(ti)+Ry*

hys ﬁ+l+hl, h+hy

¥3h+k+2l), Hh+E+2l), Hh+E+20)

h, htFoy hy B+l by, oy dh+D+h, k4B, 4%y, E4l+h,  Ha+E+2D), Hh+3k+20), Hh+K+2D)

h=h,+h, h h h b, h, ) b h ) h, k, )
h+1 =0 (mod 2) h—k = 21 (mod 4)

P(I4/m)
P(I4|mmm) +1* +1* +1 +1
P(I4/mcm)
P(I4,/a)
P(l4,jamd)  (—1)ath* (= 1)@+ (= 1)+t (—1)Hek+2)
P(I4,/acd)

* The entries in these columns are to undergo cyclic permutation for the space groups,
P(14]mmm), P(I4/mem), P(I4,/amd) and P(I4,/acd).

Table 2

The coefficients of é”;flé”;l given by the left side of (3-1-2) or (3-2-2), for selected values of h; and h, and
for each of four space groups in type 3P;

h, hy, B+hyly By hthy, L hy, 4R +2l, U bkl

h, h+hy Ry L h+hy, Ry, 1 By L4 by + 20, 141 h, ky htk+1
h=h,+h, R h, O R, h, 21 0, 0, l oh, 2k, h+k
P(I4/mmm) +1 +1 +1 +1
P(I4|mem) (=1 (=1)n (=1)¥ (—1)rtk
P(I4,/amd) (=Dh (=1 (—1)Hn (= 1)k
P(14,/acd) (=1)rth (— 1)t (=1)m (—1)*
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Table 3

Selected values of h; and h, to be inserted into (3-1-2) or (3-2-2) in order to obtain the product é”hlé"mé'hl +hy from which the
value of the phase <7’hkl (h = k (mod 2)), the general seminvariant phase, may be inferred. A knowledge of ‘Pllu and <ph2 is required
and may be obtained by use of Table 1

h, Hh+k), 3h+k), HE+E

h, 3h+F), Hh+E), d(h+k)+1
h=h,+h, R, k, l
Condition h =k (mod 2)

For the purpose of specifying the origin, a linearly
semi-independent phase ¢,, having large correspond-
ing |&”|, is chosen. The value (0 or z) of @, is then
specified arbitrarily, thus fixing the origin. Systematic
application of equation (3-1-2) or (3-2-2) then permits
the determination of the phases ¢, of all the re-
maining & of interest, using previously determined
or specified phases as necessary.

Any phase of the type @,y or @,,; (g = even, = odd)
is a linearly semi-independent phase. We recall that
phases of the type ¢, and ¢,, may be determined
directly from the intensities before an origin specifica-
tion has been made. It is readily seen that any phase
is accessible, once the origin specification has been
made. This follows from the fact that, starting with
the specl.fled phase and those of the form ¢, ; and
@uu> 1t 1s possible to express an arbltrary vector h
(whose components have any parity) in the form
h; + hs, where <Ph1 and (ph2 are known. For example,
if we specify a (pug,, q)},— @t 18 obtalnable from suit-
able phases @n, =@ and ¢p,=@uu, where h=
h; + he.

5. Concluding remarks

This paper should be read in conjunction with 1P
(1959), in which the symbols are defined and general
remarks are made which are applicable to all the space
groups.

The phase determining procedures offer many ways
to calculate the value of a particular phase. This
feature, together with the fact that the calculation of
the right sides of (3-1-2) and (3-2-2) should yield not
only the sign of the left side, but also its magnitude,
serves as a good internal consistency check as the phase
determination proceeds.

6. Appendix

The correction terms for the formulas listed in § 3 are
given here and in 1P (1959). As a general rule, for
larger N, they make a very small contribution. In any
specific instance, the investigator can judge their
importance for himself.

We define:
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(6-1)

(6-2)

(6-3)

(6-4)
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and
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Next we define (where Cy(t) is replaced by Ch):
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, o8® . o
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(6-10)

In order to summarize the relations among the cor-
rection terms for the various space groups in type 3Ps,
it is convenient to identify

R = RO, (6-11)
R'= R®, (6-12)

Thus, for space groups I4/m and I4./a,
RDy=1RD+1,RPy; §=0,1; i=2,3. (6-13)

For space groups I4/mmm, I4/mcm, I41/amd and
I41/acd,

R, =1R(f>0+15R§’>0 j=0,1; i=2,3. (6:14)

Note that R, o, 1R3 4, 1R ¢ and 1R3¢ are defined in
1P (1959).

The remainder terms in the basic formulas are

especially simple for the special case p=g=r=2. For

this case, the formulas reduce to those obtainable by
the algebralc methods proposed by us (1957).
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